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A theory of an optical vector soliton of self-induced transparency (SIT) is constructed. By using the per-
turbative reduction method the equations of SIT for the small area pulse are reduced to the two-compo-
nent coupled nonlinear Schrödinger equations. The shape of optical double periodic vector soliton with
the sum and difference of the frequencies is presented. Explicit analytic expressions for the parameters
of the 0p vector pulse of SIT are obtained. It is shown that the vector soliton in this special case can
be reduced to the double breather solution of SIT and these nonlinear waves present different proﬁles.
 2011 Elsevier B.V. Open access under CC BY-NC-ND license. The resonant optical nonlinear wave can be formed with the
help of the resonance (McCall–Hahn) mechanism of the formation
of nonlinear waves, i.e., from a nonlinear coherent interaction of an
optical pulse with resonant optical active atoms, when the condi-
tions of the self-induced transparency (SIT): xTp  1 and
Tp  T1;2 are fulﬁlled, where Tp andx are the width and frequency
of the pulse, T1 and T2 are the longitudinal and transverse relaxa-
tion times of the resonant atoms. When the area of the pulse
H > p, the solitons (2p pulses) are generated, but for H 1 reso-
nance optical breathers (0p pulse) are formed [1,2]. The experi-
mental investigations of the solitons and breathers of SIT are
carried out on various types of materials such as vapors, semicon-
ductor quantum dots (SQDs), atomic systems in solids and others
(see, for example [1–4]).
A nonlinear coherent interaction of an optical pulse with reso-
nant atoms or SQDs, is governed by the Maxwell–Bloch equations
which are reduced to the Sine-Gordon equation when the Rabi
frequency of the wave is real and relaxations are ignored. It can be
shown that a breather is related to the single soliton solution of
the nonlinear Schrödinger (NLS) equation for a scalar ﬁeld, since a
single NLS equation is the small area limit of the Sine-Gordon equa-
tion [5]. The importance of breathers is that they havemany soliton-
like properties, but unlike solitons can be excited with relatively
small areas of input pulses [6]. Such scalar small area pulses show
up when a single wave propagates in such a way that it preserves
its constituent parameters. When this condition is not fulﬁlled,
one has to regard the interaction between two ﬁeld components at
different values of such parameters as a bound state of the vector
pulses and solve simultaneously the two-component coupled NLS-NC-ND license. equations. The coupled NLS equations arise in many physical sys-
tems when two wave packets interact with each other [7,8].
The breather is not the only possible resonant 0p pulse of SIT: in
fact other small area nonlinear waves with a more complicated
structure and different properties than a breather can be consid-
ered as resonant SIT 0p vector pulses. The small area optical double
periodic solitary wave of SIT, which can be considered as two-com-
ponent 0p vector pulse with the sum and difference of the frequen-
cies, belongs to such waves of SIT and has not been widely
investigated in literature.
It is of great importance to determine two-component double
periodic solutions of nonlinear equations to provide more informa-
tion in order to understand and interpret many physical phenom-
ena arising in numerous scientiﬁc disciplines, such as nonlinear
optics, and in engineering. In the last decades, the study of double
periodic solutions of nonlinear differential equations has become
increasingly attractive [9–11], due to the increasingly more efﬁ-
cient computer softwares and numerical methods [12]. In addition,
there are effective analytical methods to construct double periodic
solutions of nonlinear differential equations, for instance, the Jaco-
bian-function method [13] and the perturbative reduction method
[14].
It is the aim of this work to investigate the conditions under
which a resonant optical double periodic vector soliton (DPVS) of
SIT (0p vector pulse) is realized and to determine the explicit ana-
lytical expression of the parameters describing the vector pulse.
Let us investigate the formation of an optical DPVS of SIT in a
medium containing optical active resonance atoms or SQDs
[4,15], in the case when an optical pulse linearly polarized along
the x-axis is propagating along the z-axis in the positive direction.
We model the resonance atoms with a two-level system (a three-
level system for SQDs [15,16]). The x-component of the strength of
G.T. Adamashvili / Results in Physics 1 (2011) 26–29 27the optical electrical ﬁeld is Eðz; tÞ ¼ Eðz; tÞeiðkzxtÞ þ c:c:, where
Eðz; tÞ is the slowly varying amplitude of the electric ﬁeld and k
is the wave number of the carrier wave.
The nonlinear SIT equation for the area of the optical pulse
envelope Hðz; tÞ ¼ 2d
h
R t
1 Eðz; t0Þdt0, for the small area limit, has
the following form [17]:
@2H
@t2
þ C @
2H
@t@z
¼ a20Hþ
a20
6
H3 þ OðH5Þ; ð1Þ
where a20 ¼ 2pxd
2n0
hg2
R gðDÞdD
1þD2T2p
; C ¼ cg and c are the light speeds in a
medium and in vacuum respectively, g is the refractive index of
the medium, h is the Planck constant, n0 is the number of resonant
atoms (SQDs) per unit, D ¼ x0 x; x0 is the frequency of excita-
tion of the two-level optical resonant atoms or SQDs [16], d is the
dipole matrix element and gðDÞ is the inhomogeneous broadening
lineshape function. The dispersion law of the carrier wave in med-
ium is x2 ¼ C2k2.
We will seek for the solution of Eq. (1) in the form
Hðz; tÞ ¼
X1
m¼1
XmFmðZ; TÞ; Xm ¼ eimðæzwtÞ; ð2Þ
where Z ¼ z ut; T ¼ t; u ¼ dwdæ. Let us assume that the envelopes
Fm vary slowly both in the space and time coordinates Z and T, so
that x w; k æ; @Fm
@T
  wjFmj; @Fm@Z  æjFmj. In order for H to
be real we set Fm ¼ Fm:
Substituting Eq. (2) into the nonlinear equation (1), we obtain
that the functions Fm must satisfy the following nonlinear equationX1
m¼1
Xm

ðq1 þ iq2@Z þ iq3@T þ q4@ZZ þ q5@ZT þ @TT þ a20ÞFm
 a
2
0
6
X1
m0 ;s0¼1
Fmm0s0Fm0Fs0
#
¼ 0; ð3Þ
where
q1 ¼ m2wðæC wÞ; q2 ¼ m½2wu CðwþæuÞ ¼ mr2;
q3 ¼ mðæC  2wÞ ¼ mr3; q4 ¼ uðu CÞ; q5 ¼ C  2u:
To analyze Eq. (3) into details, we will make use of the multiple
scale perturbative reduction method [14,18,19], in the limit case
when H is OðÞ, with its scale-length being of order Oð1Þ. This
is the typical scaling for the coupled NLS equations and thus it will
be the scaling for the two-component soliton considered in this pa-
per. Under the above assumptions Fm can be represented as:
FmðZ; TÞ ¼
X1
a¼1
X1
n¼1
eaYm;n f ðaÞm;nðfmn; sÞ; ð4Þ
where Ym;n ¼ einðQmnZXmnTÞ, fmn ¼ eQmnðZ  vmnTÞ, s ¼ e2T , vmn ¼ dXmndQmn
and e is a small parameter. As such, we have an expansion of Fm in
harmonics ðYm;nÞ and amplitudes ðeaÞ, with the function f ðaÞm;n being
the core envelope function. Such a representation allows us to sep-
arate the quantity f ðaÞm;n from Fm. Consequently, let us assume that the
inequalities w X; æ Q ; @f
ðaÞ
m;n
@T
  Xjf ðaÞm;nj; @f ðaÞm;n@Z  Q jf ðaÞm;nj are
satisﬁed. It is important to observe that the quantities Q and X
depend on m and n, but from now on for the sake of simplicity,
we will omit these indexes.
Substituting the expansions (4) in Eq. (3) we obtainXþ1
a¼1
Xþ1
m;n¼1
eaXmYm;n fWm;n þa20 þ ieJm;n @@fþ e2Hm;n @2@f2 þ ie2hm;n @@s
( )
f ðaÞm;n ¼
a20
6
Xþ1
a;a0 ;a00¼1
Xþ1
m;m0 ;m00 ;n;n0 ;n00¼1
eaþa0þa00XmYmm0m00 ;nYm0 ;n0Ym00 ;n00
f ðaÞmm0m00 ;nf
ða0Þ
m0 ;n0 f
ða00 Þ
m00 ;n00 ; ð5ÞwherefWm;n ¼ q1 þWm;n;
Wm;n ¼ nðQq2 Xq3 þ nQ2q4  nXQq5 þ nX2Þ;
Jm;n ¼ Q ½q2  q3v þ 2nQq4  q5nðQv þXÞ þ 2nXv;
Hm;n ¼ Q2ðq4  vq5 þ v2Þ;
hm;n ¼ q3 þ nQq5  2nX:
In order to determine the values of f ðaÞm;n let us equate to zero the
terms corresponding to same powers of e. As a result, we obtain a
chain of equations. At the ﬁrst order of e, we getXþ1
m;n¼1
XmYm;nðfWm;n þ a20Þf ð1Þm;n ¼ 0: ð6Þ
In what follows, we are interested in localized solitary waves
which vanish as t ! 1. According to Eq. (6), only the compo-
nents f ð1Þ1;1 or f
ð1Þ
1;1 of f
ð1Þ
m;n can differ from zero. The relations be-
tween w and æ and between the parameters X and Q are
determined from Eq. (6)
ðCæwÞwþ a20 ¼ 0; ð7Þ
mnr2Q mnr3Xþ q4Q2  q5QXþX2 ¼ 0: ð8Þ
From Eq. (7) it is clear that the parameters w and æ do not de-
pend on the indexes m and n.
According to Eq. (6), we have to consider different values of all
the parameters involved depending on whether we investigate the
formation of breathers [5,6], double breathers (superbreather) [17]
or DPVS’s. If we analyze a breather or a double breather solution of
Eq. (6) we have to consider two distinct cases: a ﬁrst one when
f ð1Þ1;1 ¼ 0 and f ð1Þ1;1 – 0 and a second one when f ð1Þ1;1 – 0 and
f ð1Þ1;1 ¼ 0. According to Eq. (6), for those speciﬁc solutions the
parameters X and Q do not depend on the indexes m and n [6,17].
In general the coefﬁcients in Eq. (6) are functions ofm and n and
hence the parameters X and Q will also depend on the indexes m
and n. Because we are interested in the two-component vector sol-
iton solution of Eq. (6), it will be necessary to take into account that
the parameters X and Q in the Eq. (8) depend on the indexesm and
n (where nm ¼ 1). Under this assumption we can see from Eq. (6)
that f ð1Þ1;1 – 0 and f
ð1Þ
1;1 – 0 simultaneously, only when the condi-
tions fW 1;1 ¼ fW1;1 ¼ 0; fW 1;1 ¼ fW1;1 ¼ 0 are satisﬁed simulta-
neously (where f ð1Þ

þ1;þ1 ¼ f ð1Þ1;1; f ð1Þ

þ1;1 ¼ f ð1Þ1;þ1).
From Eqs. (7) and (8) we obtain the following expressions
u ¼ Cw
2w Cæ ; vmn ¼
nmr2 þ 2q4Q  q5X
nmr3 þ q5Q  2X
: ð9Þ
Substituting Eqs. (6)–(9) into Eq.(5), and keeping into account
that J1;1 ¼ J1;1 ¼ 0, at the third order of e, we ﬁnally obtain
two coupled NLS equations, for the functions U ¼ ef ð1Þþ1;þ1 and
V ¼ ef ð1Þþ1;1, which describe the coupling between two-components
of the pulse
i
@U
@t
þ v1 @U
@z
 
þ p1
@2U
@z2
þ g1ðjUj2 þ 2jV j2ÞU ¼ 0;
i
@V
@t
þ v2 @V
@z
 
þ p2
@2V
@z2
þ g2ðjV j2 þ 2jUj2ÞV ¼ 0;
ð10Þ
where
p1 ¼ 
ðC  v1Þv1
hþ1;þ1
; p2 ¼ 
ðC  v2Þv2
hþ1;1
;
g1 ¼
a20
3hþ1;þ1
; g2 ¼
a20
3hþ1;1
;
hþ1;1 ¼ ðæC  2wÞ  ðQ1C  2 ~x1Þ;
v1 ¼ uþ vþ1; v2 ¼ uþ v1; ~xmn ¼ Xmn þ Qmnu:
ð11Þ
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and V, where U is the envelope wave corresponding to the fre-
quency wþ ~xþ1 and V is the envelope wave corresponding to the
frequency w ~x1. The nonlinear coupling between the two
waves is governed by the terms 2jV j2U and 2jUj2V . We want to
consider the interaction of these ﬁeld components at different fre-
quencies and solve simultaneously the set of coupled NLS equa-
tions (10). It is important to note that a shape-preserving
solution of Eq. (10) is a vector soliton because of its two-compo-
nent structure.
The simplest way to ensure the steady-state property is to re-
quire the ﬁeld envelope functions to depend on the time and space
coordinates through the variable n ¼ z V0t, where V0 is the con-
stant pulse velocity. We are looking for solitary-wave solutions for
complex amplitudes of the form
Uðz; tÞ ¼ f1SðnÞei/1 ; Vðz; tÞ ¼ f2SðnÞei/2 ; ð12Þ
where /1;2 ¼ k1;2zx1;2t are the phase functions and
f1; f 2; k1; k2; x1, x2 are all real constants. The derivatives of the
phase /1;2 are assumed to be small, i.e., the functions ei/1;2 are
slower than the oscillations of the pulse and consequently, the
inequalities
k1;2  Q1; x1;2  ~x1 ð13Þ
are satisﬁed.
Substituting Eq. (12) into Eq. (10) we obtain the nonlinear or-
dinary differential equation,
dS
dn
 2
¼ T2p S2  b2S4 ð14Þ
and the relations between the quantities f1; f 2 and x1; x2 are
respectively
x1 ¼ p1p2
x2 þ V
2
0ðp22  p21Þ þ v22p21  v21p22
4p1p22
;
f 21 ¼
2p2g1  p1g2
2p1g2  p2g1
f 22 ; T
2
p ¼
v1k1 þ k21p1 x1
p1
;
b2 ¼ ðf
2
1 þ 2f 22 Þg1
2p1
; k1 ¼ V  v12p1
; k2 ¼ V  v22p2
:
ð15Þ
Integration Eq. (14) and using the boundary condition
Sðjnj ! 1Þ ! 0, we get
SðnÞ ¼ 1
bTp
sech
n
Tp
 
: ð16Þ4 2
2
1
1
2
a.u.
Fig. 1. The area of the optical pulse envelope Hð0; tÞ of the DPVS is shown for a ﬁxed valu
axis.which is a well known solitonic solution.
Hence the two components U and V of the vector soliton are
hyperbolic secants SðnÞ with different amplitudes f1;2 and phase
functions /1;2.
Substituting the solitonic solution into Eqs. (2) and (4), we ob-
tain the DPVS solution of the Eq. (1) for the area of the optical pulse
envelope Hðz; tÞ
Hðz;tÞ¼ 2
bTp
sech
zV0t
Tp
 
f1cos½ðæþQþ1þk1Þzðwþ ~xþ1þx1Þtf
þ f2cos½ðæQ1þk2Þzðw ~x1þx2Þtg: ð17Þ
The presence in Eq. (17) of the functions cos½ðæþ Qþ1 þ k1Þz
ðwþ ~xþ1 þx1Þt and cos½ðæ Q1 þ k2Þz ðw ~x1 þx2Þt indi-
cates the formation of double periodic beats. As a result, through
the solitonic solution Eq. (16) it is possible to obtain the DPVS solu-
tion Eq. (17) for the area of the optical pulse envelope Hðz; tÞ. Eq.
(17) represent an exact regular double periodic solution of the non-
linear wave equation (1). As expected, this solution, does not loose
any energy in the long distance propagation process through a
medium, as well as solitons, breathers and double breathers.
In this paper we have shown that the optical DPVS can arise in
the propagation process of an optical pulse through a resonance
medium under the condition of SIT. The explicit expressions of
all the parameters involved are given by Eqs. (9), (11) and (15).
The dispersion equation x ¼ Ck and the relations between quanti-
ties w; æ and X1 and Q1 are given by Eqs. (7) and (8). This state-
ment is valid under the condition p1;2g1;2 > 0. In analogy with the
NLS equation solitonic solution, Eq. (17) can be called fundamental
or bright DPVS of SIT.
It is important to note that these results and their interpretation
are applicable to pulses with sufﬁciently smooth envelopes under
the condition that the size of the pulse is large in comparison with
the wavelength, i.e., kL0  1, where L0 is length of the DPVS. More-
over, the length of the DPVS should satisfy the inequalities
æL0  1 and Q1L0  1.
In general, the expression (17) has a rather complex form. In or-
der to construct the characteristic proﬁle of an optical DPVS of the
SIT equation (17) we can consider some speciﬁc cases. For instance
when we neglect the terms of order O Q1æ
 
and O X1x
 
in Eq. (8) the
quantities Xþ1 ¼ X1 ¼ X; Qþ1 ¼ Q1 ¼ Q and ~x ¼ ~x ¼ Xþ Qu
do not depend on any index. Moreover, let us assume that
w=X ¼ 70 and f1=f2 ¼ 1:2 and that w ~x x1;2 and
æ Q1  k1;2. In this case the expression (17) can be simpliﬁed2 4
t nsec
e of z. The nonlinear pulse oscillates with frequencies wþ ~x and w ~x along the t-
4 2 2 4
t nsec
1.0
0.5
0.5
1.0
DB a.u.
Fig. 2. The double breather area of the optical pulse envelope HDBð0; tÞ for a ﬁxed value of z.
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Fig. 1. We can observe that as time increases the nonlinear process
generates a two components wave with frequencies wþ ~x and
w ~x.
It is interesting to observe that the double breather is a special
case of the DPVS when one of the amplitudes f1 (or f2) is equal to
zero and Eq. (8) is valid only for one of the pair of parameters
ðXþ;QþÞ or ðX;QÞ. In Fig. 2 the proﬁle of the double breather is
presented, where we have chosen the same values as of the DPVS
(at f2 ¼ 0) for all the parameters involved, as z ¼ 0.
The problem considered in this paper has a rather general char-
acter and it is interesting not only in the study of optical waves in
gases and solids, but it is of great importance in the study of acous-
tic SIT and microwave EPR SIT [19,20].
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